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Abstract. Let K be a complex reductive algebraic group and V a representation of 
K. Let S denote the ring of polynomials on V . Assume that the action of K on S is 
multiplicity free. If A denotes the isomorphism class of an irreducible representation of 
K, let p\ : K — > GL{V\) denote the corresponding irreducible representation and S\ the 
A-isotypic component of S. Write S\ ■ 5 M for the subspace of S spanned by products of Sx 
and S M . If V u occurs as an irreducible constituent of Va®V^, is it true that S v C Sx-S^l In 
this paper, the authors investigate this question for representations arising in the context 
of Hermitian symmetric pairs. It is shown that the answer is yes in some cases and, using 
an earlier result of Ruitenburg, that in the remaining classical cases, the answer is yes 
provided that a conjecture of Stanley on the multiplication of Jack polynomials is true. 
It is also shown how the conjecture connects multiplication in the ring 5* to the usual 
Littlewood-Richardson rule. 

1. Introduction 

1.1. Let if be a connected complex reductive group and let X be a complex affine algebraic 
variety with a if-action. We will assume that X is a multiplicity free space, i.e., every finite 
dimensional irreducible representation of if appears with multiplicity at most one in the 
algebra S = C[X] of regular functions on X. Thus 

AeA 

where A is a subset of if, the set of isomorphism classes of finite dimensional irreducible 
JT-representations, and V\ is a representative of the class A S K. If A G A, let 5a C S denote 
the A-isotypic component of S, i.e., S\ is a if -stable subspace of S such that S\ ~ V\. If 
A, fi € A, let S\ ■ be the subspace of S spanned by the products of elements in S\ and 
Sfj,. The subspace S\ ■ is if -stable and hence is a sum of certain S v 's. We are interested 
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in describing the set of all v G A such that S v C S\ ■ S^. Clearly, a necessary condition for 
S v C S\ ■ Sn is that V v ^ V\ <g> V^. 

Question. Is it true that for z/, A, /x G A, 

S u ^ S\ ■ Sfj_ if and only if Vx © V^? 

It is easy to find examples for which the answer is negative. Consider the natural action 
of K = SL2 (C) on X = C 2 , which is a multiplicity free action. More precisely, if d is a 
non-negative integer, then the space Sd of homogenous polynomials on X of degree d is 
an irreducible representation of K. In particular, A can be identified with the set of non- 
negative integers. Clearly, S\ ■ S\ = S2 and V\ ® V\ ~ Vq © V%. This counterexample can 
be fixed by replacing K = SX2(C) with SL2(C) x C x , where the multiplicative group C x 
acts by multiplication on X = C 2 . Then again Si ■ Si = S2, but now Vi ® V\ ~ Vo © ^2 
with Vo 9^ Vo, since C x acts on Vo with non-trivial weight. This example suggests that a 
natural class of multiplicity free actions for which to study the question above is given by 
the class of irreducible linear multiplicity free actions with the property that the image of 
K in GL(X) contains the center C x of GL(X). (A complete list of all such multiplicity free 
actions can be found in ^S]-) I n this article we consider the nice subclass of multiplicity 
free actions that arise in the context of Hermitian symmetric spaces. 

1.2. Let Gr/^k be an irreducible Hermitian symmetric space of non-compact type and 
let g = t © p + © p~ be the usual decomposition of g = Lie(GR) ©r C (see Section |21 for 
more details). The complexification of the compact group is a complex reductive group 
K with one-dimensional center C x , and the action of K on X = p + is multiplicity free. 
Table 1 shows a complete list of the multiplicity free actions that arise in this way. The last 
column of the table shows the rank of the Hermitian symmetric space Gr/JTr which is (by 
definition) the real rank of Gr. 
We will study two conjectures. 

Conjecture A. For the multiplicity free action associated to the Hermitian symmetric 
space G-r/K-^, i.e., for the K-action on X = p + , 

S v Q S\ • Sfj, if and only if V V ^V\® V^, 

where X,fi,uE A. 

The second conjecture is closely related to the first and connects the problem of describing 
the set {v G A | S u C S\ ■ S^} to the classical Littlewood-Richardson rule. To state the 
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Table 1. Multiplicity free actions associated to Hermitian symmetric spaces 

conjecture, we need some more notation. Schmid proved in |2H] that if Gr/Kr has rank 
r, then the non-zero -RT-isotypic components of S = C[p + ] are naturally parametrized by 
partitions of length at most r, i.e., the set 

A = {(Ai, . . . , A r ) G U | Ai > A 2 > • • • > A r > 0}. 

This set A also parametrizes the irreducible (polynomial) representations of GL r (C) in the 
usual way. For A G A, let Fx be the irreducible GL r (C)-representation of lowest weight —A. 
For A, n, v G A, we denote by the multiplicity of F v in F\ ® F^. The numbers are 
known as the Littlewood- Richardson coefficients for GL r (C). 

Conjecture B. Let r be the rank of the Hermitian symmetric space Gr/Kr and identify 
A with the set of partitions of length at most r. Then for the K-action on X = p + , 

S u Q S\- if and only if c u XlI ± 0, 

where A, /i, v G A and are Littlewood- Richardson coefficients for GL r (C). 

For the multiplicity-free actions which correspond to Hermitian symmetric spaces of tube 
type (see Section l3~3)) . this conjecture was made by Ruitenburg [21], who observed that it 
holds for X = (7® (CP)*. 

The validity of Conjecture B is connected to multiplication of Jack polynomials , a 
well-known family of symmetric functions. Here A is a partition and a is a real parameter. 
If a = 1, then Pj[ = s\ is the Schur symmetric function. There is an expansion 
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where the fx„(ot) are rational functions in the parameter a. Note that since = s\, 
the value is the Littlewood-Richardson coefficient . In 27 , Stanley conjectured 

that the fx^( a ) have a certain positivity property, which we can formulate as follows. Let 
c\(a) and c' x (a) be the non-zero polynomials in a with non- negative integer coefficients as 
defined in [221 Chapter V, §10]. Then Stanley's conjecture is that c\{a)c lx {a)d v {a)f^ (a) 
are polynomials in a with non-negative integer coefficients. Except for the non-negativity, 
this conjecture is true, by work of Knop and Sahi and Lapoint and Vinet [T^]. The 
main result of this paper, which we will prove in Section can then be phrased as follows. 

Theorem. Suppose that Stanley's conjecture is true. Then Conjecture B is true for all 
Hermitian symmetric spaces. 

We also prove (without assuming Stanley's conjecture) that Conjecture B is true if Gu = 
SU(p, q) or if the rank of the Hermitian symmetric space is at most 2 (see Sections 2 and 
3). 

What about the validity of Conjecture A? In Section H3 we show the equivalence of 
Conjecture A and Conjecture B for all Hermitian symmetric spaces of classical type. More 
precisely, for A, /u, v € A we express the multiplicity of V u in V\ (g) in terms of Littlewood- 
Richardson coefficients (see Table 0J an d show that V v V\ <g) if and only if c\ ^ 0. 
In the classical cases corresponding to Gr = Sp(n, R) and SO*(2n), this last equivalence 
follows from Klyachko's saturation conjecture, which is now a theorem of Knutson and 
Tao \n\ and also of Derksen and Weyman . 

1.3. Acknowledgements. There is some overlap between the topics of this paper (es- 
pecially Section [HJ) and earlier work of Ruitenburg [21]. For the reader's convenience, we 
have tried to give a relatively self-contained account. 

The second named author would like to thank Nolan Wallach and Friedrich Knop for 
their helpful comments. 

2. A classical example 

2.1. Let G be a complex reductive algebraic group. By reductive we mean linearly reduc- 
tive, i.e., all representations are completely reducible. (In particular, we do not assume here 
that G is connected.) Let R = C[G] denote the ring of regular functions on G. Recall that 
R carries a natural action of G x G, the regular representation p reg , given by 

(Preg{gi,92)f)(x) = /(s^^) 
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for f E R and gi,g2,x E G. By the algebraic Peter- Weyl theorem, as a G x G-representation 
decomposes as a direct sum 

xeS 

where i? A ^ BV£. 

The following proposition is observed in ^ §3.2]. 

Proposition. Let G be a complex reductive algebraic group and let R = C[G] be the ring 
of regular functions on G. Then 

Rv C R\ ■ i? M if and only if V v V\ (g> V p 

for all A, [i, v E G. 

Proof UR V C i^A-i?^, then the G x G-representation KEV^* appears in (V\MV^)®(VfMV*), 
which implies that the G-representation V u appears in V\ ® V^. We now prove the converse. 
For A S G let xa £ R denote the character of V\; i.e., xx(g) = tr Px(g)- Recall that since 
R\ is spanned by the matrix coefficients of p\ (with respect to any basis of V\), we have 
that xx £ R\- Moreover, in R, we have xx ' = S c A/jA>! where is the multiplicity 
of V v in V\ <S> V^. Let 7r A : R — > R\ denote the projection. Since R\ ■ R^ is a G x G-stable 
subspace of i?, and since G x G is reductive, we have R v C i?^ ■ it^ if and only if n u (R\ ■ R^) 
is non-zero. If occurs in V\ <8> then c^„ 7^ 0. Hence vr^(xA • X^*) 7^ 0' so n u(Rx • ^) 7^ 0, 
completing the proof. □ 

Remark on notation. Note that the decomposition i? = ^ -Ra is a decomposition into iso- 
typic components for the G x G-action as well as the G-action induced by left multiplication 
on G (the latter action being not multiplicity free). We recall that the irreducible repre- 
sentations of G x G are parametrized by pairs (A, /i) £ G X G. With this notation we then 
have R<\ iP \ = if \i 7^ A* and -R(a,a*) = ^A> where A* denotes the isomorphism class of the 
G-representation dual to V\. 

2.2. We use the notation of 12.11 with G = GL P (C). (To simplify notation, in the following 
we will write GL p for GL P (C).) The set GL P is parametrized by integer sequences A = 
(Ai, . . . , A p ) with Ai > . . . > A p . More precisely, if A = (Ai, . . . , X p ) let F\ be the irreducible 
GLp-representation with lowest weight — Ai£i — \2^2 — ■ ■ ■ — \ p e p . By abuse of notation we 
will identify elements of GL P with such sequences. Let M p denote the space of complex 
p x p-matrices and let S = C[M P ]. The open embedding GL P <^-> M p induces a GL p x GL P - 
equivariant embedding of coordinate rings S <^-> R = S'fdet -1 ]. This embedding identifies S 
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as the subring 

S = C[M p ] ~ ^ C i2 = C[GL P ] , 
AeA 

where A = {(Ai, . . . , A p ) € Z p | Ai > A2 > • • • > A p > 0}. Using notation as in the remark 
at the end of 12. II the only non-vanishing isotypic components for the GL p x GL p -action on 
S are of the form Sn\*) = R\ f° r A G GL p with \ p > 0. It follows that Conjecture A and 
Conjecture B for the K = GL P x GL p -action on X = M p are an immediate consequence of 
the results in 12.11 

2.3. Next we consider the action of K = GL P x GL q on X = M Pj? , where M Pj(? denotes the 
space of p x g-matrices. Without loss of generality, we may assume p < q. Let M Pj(? —» M p 
be the natural projection given by "forgetting the last (q — p)-columns" . This projection 
is GLp-equivariant with respect to the actions given by left multiplication and thus we 
obtain a GL p -equivariant embedding C [M p ] C [M Pj(? ] . If Xij are the canonical coordinate 
functions on M Ptq then C[M Pj(? ] = C[xij \ 1 < i < p, 1 < j < q] and C[M P ] is identified 
(via the embedding given above) with the subring C[xy \ 1 < i,j < p]. Let N~ C GL P be 
the group of lower diagonal unipotent p x p-matrices and N q C GL q the group of upper 
diagonal unipotent q x (/-matrices. Let C[M Ptq ] N p xN i be the ring of N~ x A^-invariants 
in C[M p ,j]. It is a theorem of classical invariant theory due to Weyl (see, e.g., [§]) that 
C[M Ptq ] Np xNq = C[u\, . . . ,u p ], where Uk(x) is the k-th principal minor of x € M Pj(? . Note 
that Uk is in fact in C[M p ] and hence 

C [M P ] N * x N * = C [M M ] N * x N " . 

Furthermore, the polynomials u\,...,u r are algebraically independent and for each A € 
A = {(Ai, . . . , A p ) € Z p I Ai > A 2 > ■ ■ ■ > A p > 0} , the polynomial u x = u^u^ 2 ^ 3 ■ ■ ■ u$ r 
is a weight vector of weight (— Ai£i — A 2 £2 — • • • — A p e p , Ai£i + A 2 £2 + ■ ■ ■ + A p e p ) for the 
group GL P x GL q . Thus as a GL p x GL^-representation, 

C[M M ]*0F«H(i#>y 
AeA 

(p) 

Here we use superscripts p and q to emphasize that is a representation of GL P and 
is representation of GL q . 
Let S = C[M p ] and T = C[M Ptq \. If A G A, let S\ and T\ denote the A-isotypic com- 
ponents of S and T, respectively, i.e., S\ ~ F^ M (F^)* as a GL P x GL p -representation 
and T\ ~ F^ ] M (F^ p) )* as a GL p x GL 9 -representation. We note that S\ w T A via the 
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embedding S T. This follows from the observation that 5a and T\ are also the A-isotypic 
components for the GL p -action on S and T, respectively. 

Suppose now that the GL p xGL g -representation F^^F^)* appears in (F^^F^)*)® 
(i^ p) M (F^)*). Then the GL p -representation F^ appears in F^ ® F^ . By the previous 
subsection, it follows that S u C S\ ■ S^. In particular, u v € S\ ■ S^. Since u u € T u (via 
the embedding S T) this implies that T u Q T\ ■ T^. It follows that Conjecture A and 
Conjecture B are also true for the GL p x GL^-action on X = M p ^ q for q > p. 

Remark. The argument in the previous section is a special case of a "reduction to tube 
type" argument introduced by Wallach in [23]. We will discuss this kind of argument for 
general Hermitian symmetric pairs in more detail in Sectional 

3. Polynomials on Hermitian symmetric spaces 

3.1. We recall some well-known results and constructions related to Hermitian symmetric 
spaces which we will use in the following sections. Let Q be an irreducible Hermitian 
symmetric space of non-compact type. Distinguishing a point o € f2, we have Q ~ G-r/K^, 
where Gr is the connected group of biholomorphic transformations of f2 and K®. is the 
stabilizer group of o. The group Gr is a simple non-compact Lie group and Kr is a 
maximal compact subgroup of Gr. (These groups coincide with the groups of Tabled up 
to local isomorphism.) Let g and t denote the complexified Lie algebras of Gr and K^, 
respectively, and let g = t © p be the Cartan decomposition. There is an element z in the 
center of t such that t = Cz © [{, fc] with ad(z) having the eigenvalues and ±1 on g. Define 
P± = {x € | [z,x] = ±x}. Then p = p+ ffip", [p ± ,p ± ] = 0, [p^p^] = t and [e,p±] = p±. 
Harish-Chandra contructed a canonical i<CR-equivariant open embedding 0, p + that sends 
o to the origin in p + ; via this embedding will view as an open subset of p + . 

3.2. Let fjj{ be a Cartan subalgebra of 6r. The complexification f) of f)R is a Cartan subalge- 
bra of t and of 5. Let A C h* be the root system of (g, fj). For a S A, let g a denote the root 
subspace of g corresponding to a. Define the set of compact roots as A c = {a G A | g Q C 6} 
and the set of non-compact roots as A n = {a € A | g Q C p}. We may choose a system 
of positive roots A + for A such that p + is the sum of the root subspaces for the roots in 
A+ = A n n A + . The set A+ = A c n A + is a system of positive roots for A c . Follow- 
ing Harish-Chandra we define a maximal set {71, . . . , 7^} of strongly orthogonal roots in 
A+ inductively as follows. Let 71 be the largest root in A+ (with respect to the usual 
ordering on A induced by the choice of A + ); for 1 < i < r, let ji be the largest root 
in A+ that is orthogonal to 71,..., 7^-1 . Table [21 shows the 7i's explicitly for all cases. 
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For 1 < i < r, define 7Tj := 5Z}=i7j! the ^ are A+-integral and dominant weights. Let 
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Table 2. Strongly orthogonal roots 



A = {(Ai, . . . , A r ) G 27 | Ai > A 2 > ■ ■ ■ > A r > 0} be the set of partitions of length at 
most r. If A = (Ai, . . . , A r ) G A, then Yl\=i ^»7i = SI=i(^i ~~ Aj + i)7rj is a A+-integral and 
dominant weight. (Here it is understood that A r +i = 0.) In 26 , Schmid gave an explicit 
decomposition of S = C[p + ] as a ^-representation as follows. If A € A, let V\ be the 
irreducible ^-representation with lowest weight — Yll=i ^ili- Then 

©Fa, 

AeA 

Furthermore, S\ is contained in the space of homogeneous polynomials of degree |A|, where 
|A| = £!=iA, 

3.3. For the convenience of the reader and to provide a context for the material in Sections^ 
and [51 we include here some more details from Schmid 26 and Koranyi-Wolf ^HJ- F° r each 
a G A+ let {h a ,e a ,e- a } be an st 2 -triple such that e a G Q a , e- a G Q- a , h a G [g a ,Qa] and 
e_ a = <r(e a ), where a : Q — > Q denotes complex conjugation with respect to Qu = Lie(Gij). 
Let e+ = e 7l + . . . + e 7r . Then e+ is on the Shilov boundary of 17 in p + . In fact, the 
Shilov boundary is the -ftT^-orbit through e+, and hence isomorphic to K^/Mr, where 
Mr = Stabi^ R (e + ) = {k € | fce + = e + }. Let M = Stabft-(e + ) = {fc G if | /ce + = e + } 
and let m be the Lie algebra of M. Define an automorphism r : q — > by 

r = Adexp(f7r(e + + e+)/2). 

Then r 4 = 1, r 2 (t) = t, m = {s G t | T i x ) = x } an d the following are equivalent (see [T%1 
Proposition 4.4 and Lemma 4.8]): 
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(i) £2 is a tube domain; 

(ii) r 2 = 1; 

(iii) r(t) = t; 

(iv) dim 6 — dimm = dimp + . 

Suppose from now on that is a tube domain. Then by (iv), the if-orbit through e+ is open 
and dense in p + and the corresponding open embedding K/M p + gives a K-equivariant 
inclusion of coordinate rings 

5 = C[p+] ^ C[K/M]. 
By the algebraic Peter- Weyl theorem 

C[K/M]^@V X ®(VZ) M . 

We may identify K with the set of A^"-dominant integral weights in fj*. If A 6 K, let V\ 
be the irreducible i^-representation with lowest weight —A. Then V^' 1 ^ (or equivalently 
(V£) 0) if and only if A is in the lattice generated by the 7i, i.e., if and only if A is of the 
form A = ^2 Xi'ji with Aj € Z and Ai > A2 > • • • > A r (see |26l Lemma 1] ). Furthermore, 
if V^ 1 / then dimV^f = 1. Schmid then showed (see j^Hl Behauptung c] ) that via the 
embedding S = C[p+] ^ C[K/M], 

s = C [p+] ~ v x ® (y;) M c[k/m], 

AeA 

where A = {A E K | A = ^ Kji, A, € Z, Ai > A2 > • • • > A r > 0}. The connection 
with root systems of type A is as follows. Since we assume that Q is of tube type, the 
pair (I, m) is a symmetric pair with involution r. Let £r = ttir © sr be the corresponding 
decomposition, i.e., m = {x £ t \ t(x) = x} and s = {x S t | t(x) = —x}. This complexifies 
to 6 = m © s. Define f)j£ = ()r n mi and ^ = ^1 fl Sr. Then f) = rj + © rj~ and rj~ is a 
maximal abelian subspace of 5. By a result of Moore [U (see also the remarks in the next 
section), if a E A+ then a\h- = or aL- = |(7i — 7j) with i < j. Thus the restricted root 
system £ is of type A r -\. Schmid's result above (which is a version of the Cartan-Helgason 
theorem; see also Section EJ) implies that the ^-representations occurring in C[K/M] are 
exactly the V\, where A = Yl\=i ^i7t with A.; G Z and Ai > A2 > • • • > A r . Table |3] shows 
the symmetric pairs (£,m) associated to the Hermitian symmetric spaces Cl = Gr/Xr of 
tube type. The last column shows the root multiplicity m of the restricted roots. This root 
multiplicity will play an important role later in Section [SJ 
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Table 3. The symmetric pairs (6, m) associated to = Ck/ICr of tube type 

Remark. Note that in our context here, if is not simply connected and M is in general 
not connected. Furthermore, K is not semisimple: it has a one-dimensional center. In 
Section [3 to avoid technical difficulties, we will work with symmetric pairs (K,M), where 
K is a connected and simply connected semisimple complex algebraic group. In 15. 81 we will 
then return to the context of this section. 

4. Reduction to tube type 

4.1. We retain the notation from the previous section. In particular, let {7i,...,7r} be 
Harish-Chandra's strongly orthogonal roots with the convention that 71 is the largest root 
in A+ and 71 > 72 > • • • > 7r- We point out to the reader that this is different from 
the convention in much of the literature (e.g., |21j . |26| . |29j). where 71 is taken to be the 
smallest root in A+. If (0,6) is of tube type (and only then), our 7$ corresponds to the 
other's "f r -i- Let h~ be the subspace of f} spanned by the coroots of 71,..., 7 r and let 
f) + = {h G f) I ji(h) = 0, 1 < i < r}. If (0, h) is of tube type the spaces h~ and h + 
agree with the ones 13.31 The following results are due to Moore [2^ • If a G A^~ then 

a \i)- = ~~ T?) with * < •?> a lfp = 3^' or a lr = °' If a G A ™ tlien a lf)" = 2 ("ft + Tj) 
with i < j oi a\fj- = gTi- The Hermitian symmetric pair (g, 6) is of tube type if and only 

if for every a G A, = i^O^ 7i)> wriere 1 < i < j < r. The following construction is 

due to Wallach [2H]. Let A = {a G A | a| r = ±^±77)}. Then A is a root subsystem 

of A. Define O = f) aeAo 0a, ^0 = 8 n 0o, and p± = p± n g . Then O = t © Po © Po > 

[to, Pol =Po » [Po'Pol = and [Po'Pol ^ *o- Define 6 = [Po,Po1 and So = «o©Po ©Per % 
Lemma 2.2 in 0o is a simple Lie subalgebra of and (00, to) is an irreducible Hermitian 
symmetric pair of tube type of rank r. Furthermore, f)~ C 6 and F)o = (f) + H to) © f)~ is a 
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Cartan subalgebra of to (and of go). By slight abuse of notation, the set {71, . . . ,7,-}, via 
restriction to f)o, is also a maximal set of strongly orthogonal roots for pQ . 

4.2. Let n~ = aeA + g_ a and let C[p + ] n , i.e., the space of lowest vectors of the t-module. 
By Schmid's result, the lowest weights in C[p + ] are of the form — Yui=i ^*7»- For 1 < k < r, 
let Uk be a lowest weight vector in C[p + ] of weight — Yli=i 7«- Then C[p + ] n = C[ui , . . . , u r ] 
and the functions u±, . . . ,u r are algebraically independent. Recall that via the Killing form 
(p + )* ~ p~ and hence we can identify C[p + ] with the symmetric algebra 5(p~). Similarly, 
we can identify C[p£] with 5(p„ ). Thus C[p£] may be viewed subring of C[p + ]. Wallach 
showed (jin]) Lemma 3.3) that S C[Pq] for 1 < k < r. Using Schmid's result again, this 
time for the pair (go, to); we have 

C[p+]*° nn ~ = C[p+] ionn ~ = C[p+] n ~. 

Let 5 = C[Pq] and T = C[p + ]. If A = YH=i ^ili then S\ = 5 n T\. Furthermore, 5a is an 
isotypic component of 5 as a to-module as well as a to-module. 

Proposition. Let (g, t) be an irreducible Hermitian symmetric pair of rank r and let (go, to) 
be the associated Hermitian symmetric pair of tube type of the same rank. Then Conjec- 
ture B is true for (g, t) if and only if it is true for (go, to). 

Proof. We will show that S u C 5a • 5 M if and only if T v C T\ ■ T^. By the remarks above, 
S u Q 5a • 5 M trivially implies that T u C T\ ■ T^. To prove the converse we will use an 
induction argument sketched by Enright and Wallach in 5J . Define q = to © u+ , where u + 
is the sum of all root spaces g a with a G A+ such that ah_ = for some 1 < i < r. Then 
q is a parabolic subalgebra of t with Levi factor to and abelian nilradical u + (see proof of 
Lemma 1 in 0). Let q~ = to © u _ be the opposite parabolic. If E is an irreducible finite 
dimensional to-module, let N(E) denote the t- module obtained by inducing from q~, i.e., 
N(E) = U(t) ® u(lf -) E. 

Claim. If v is of the form v = A + /i + YH=i a «7i with X/i=i a * = 0> then the inclusion 
5a © 5 M N(S\) ® N(S\) induces an equality of —i/- weight spaces 

[S x ® S„]- u = [N(S X ) ® NiS^U 

Proof of claim. As an [)-module, N(E) ~ ^(u + ) (g) The weights in £/(u + ) restricted to 
h~ are of the form ^[=1 \ n ilii where the rij are non-negative integers. The restriction of 
the weights in 5a <8> 5 M to f)~ are all of the form —A — /x + X)i<? \ m ij{li ~ 7j), where the 
mjj are non- negative integers. 
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To show that T v C T\ ■ T M implies S v C S\ ■ 5 M we take E = S\ and F = S^. By the 
universal property of generalized Verma modules, there are canonical quotient maps such 
N(S\) — > T\ and N(S^) — > such that the following diagram commutes: 

S\ ® 5 M > S\ ■ 5 M 



N(S X ) ® iV(5 M ) ► T A • T M 

If f € A such that T u Q T\ ■ then = |A| + and hence v satisfies the hypothesis of 
the claim. If we restrict the commutative diagram above to — ^-weight spaces, the vertical 
arrow on the left is an isomorphism. It follows that the inclusion [5a • S^]- u <— > [T\ ■ T^]- u is 
surjective and hence an isomorphism. Since 5*° nn = T n we conclude that S\ ■ 5 M contains 
a lowest weight vector of weight — v and hence S u C S\ ■ 5 M . □ 

4.3. Enright and Wallach [S| proved the following Pieri rule for multiplication of functions 
in 5 = C[p + ] by an induction on the rank of the Hermitian symmetric pair. 

Theorem (Enright- Wallach 5 ). With notation as above, for every A £ A and k GN, 

5\ • = ^ ^ S v , 

where the sum is over all fj, E A with \u\ = \X\ + k and i>\ > Ai > vi > • • • > A r _i > v r > A r . 



Corollary. Let be an irreducible Hermitian symmetric pair of rank < 2. Then Con- 

jecture B is true for (g,t). 

Proof. By Proposition 14.21 we may assume that (g,t) is of tube type. In this case (see 
Schlichtkrull the t-module with lowest weight —71 — • • • — 7 r is one-dimensional, i.e., 

dim5 T1 -| |_ 7r = 1. Since 5 is a domain this implies that for every A € A, 

S A • SViH h7r = H h7r- 

Suppose now that r = 2. Then for \i € A, 

By using the Pieri rule of the theorem above, we can then compute the decomposition of 
5a • 5^ for any A,/j 6 A. If \, [A, v € A are such that |A| + = |z/|, then one finds that 
S u Q S\ ■ Sfj_ if and only c\ 7^ 0. Explicitly, if a = \\ — A2, b = /xi — \x<i and c = v\ — V2, 
then 

{1 if c = a + 6 — 2k for some non-negative integer k 
otherwise. 
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□ 

Remark. In [3], the theorem above was proved for k = 1. This special case is enough to 
determine all the K- invariant ideals of S = C[p + ]. The authors of [I] were not aware at the 
time of writing that Ruitenburg in [21] proved a Pieri rule and determined all the ET-invariant 
ideals of S = C[p + ] in a uniform manner for all cases corresponding to Hermitian symmetric 
spaces of tube type. Ruitenburg did not work in the context of Hermitian symmetric spaces, 
but instead used the structure of Riemannian symmetric spaces and spherical functions. In 
the next section we will use the same approach. 

5. Spherical functions and Jack polynomials 

5.1. We begin with some preliminaries about symmetric spaces, and introduce some nota- 
tion which we will use throughout the section. Let K he a, connected and simply connected 
complex semisimple algebraic group. Let r be an involution of K and let M = K T ; the 
group M is connected (see (201 p. 171]). There exists a compact real form (Km, Mm) of the 
pair (K,M); here Km is a maximal compact subgroup of K which is preserved by r, and 
Mr = (Km) t is a maximal compact subgroup of M. This can be seen as follows. There 
exists a real form to of t such that the involution dr of t is the complexification of a Cartan 
involution of to (see Lemma III.4.1]). Let to = rriR + So denote the corresponding Cartan 
decomposition; the complexification t = m + 5 is the decomposition of t into +1 and — 1 
eigenspaces for r. Write Sm = (sq. We can define a Cartan involution dr' of t by requir- 
ing that dr' act as multiplication by 1 on £r := rriR + Sm, and as multiplication by —1 on 
ito + iSR. Since K is simply connected, there is a corresponding involution r 1 of K, and the 
fixed point set Km = K T> is a maximal compact subgroup of K with Lie algebra £r (see (SI 
p. 252]). In particular, Km is connected and simply connected. Moreover, by consideration 
of the Lie algebra one can see that Km is preserved by r. Since Km is simply connected, 
the fixed point set Mr := (Kr) 1 "' is connected (again by [10]). Finally, dr' restricts to a 
Cartan involution of m, and Mr = M T ' , so Mr is a maximal compact subgroup of M. The 
space K/M is a symmetric space, and it is the complexification (in the sense of differential 
geometry) of the Riemannian symmetric space Kr/Mr. 

5.2. Let or be a maximal abelian subspace of Sr, let fjR be any maximal abelian subspace 
of £r containing Or, and let Ij denote the complex span of tR in t. Then rj is a Cartan 
subalgebra of t (|SJ p. 259]). Let H D A denote the algebraic tori in K whose Lie algebras 
are f) and a, respectively, and Hm 2 ^4r the compact tori of Km whose Lie algebras are f)R 
and Or. The torus A is called a maximal split (or anisotropic) torus. Let X*(A) denote 
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the group of characters of A, viewed as a subset of a*; similarly we have X*(H) C rj*. 
The group algebra over C of X*(A) can be identified with the coordinate ring C[A]; write 
e A € C[A] for the element of C[A] corresponding to the character A E X*(A). 

Let £ C X*(A) denote the set of restricted roots; that is, the elements of £ are the 
non-zero weights for the ^4-action on t. Then S is a root system in the real subspace 
of a* it spans (see [231 §4]). Choose a positive system of roots <£ + for (t, f)) and let S + 
denote the corresponding set of positive restricted roots. This choice of positive system 
induces an ordering on a* as usual, by the rule /i < A iff A — /x is a non-negative linear 
combination of positive restricted roots. Let X*(H) + C 1)* and X*{A) + C a* denote the 
sets of dominant weights corresponding to the choice of positive system. We write V\ 
for the irreducible representation of K with lowest weight —A G X*{H) + . Note that the 
decomposition f) = (fj n m) © o allows us to view a* as a summand in [)*. If A € 2X*(A), 
then A € X*(H); this follows since 4nM consists of the elements a S A with a 2 = 1. 

5.3. Let C[K] denote the coordinate ring of K. By the algebraic Peter- Weyl theorem, 



The group M has the property that for any A G K, the dimension of the space Vj^ is 
either 1 or (see Ch. IV §3]). The Cartan-Helgason theorem (see [§1 Ch. V §2], or 
28 ) states that the irreducible iT-representations occurring in C[K/M] (that is, the K- 
representations with a non-zero M-fixed vector) are exactly the V\ where A € 2X*(A) + . 
For each such weight A choose a left M-invariant function ip\ in the Vx-isotypic component 
of C[K/M]; this choice is unique up to scaling (we will choose a scaling in the discussion 
after Proposition 15 ,5|) . We may view <px as a function on K, bi-invariant under M; these are 
called spherical functions. The spherical functions ip\, as A runs through 2X*(A) + , form 
a basis of the ring C[K/M] M as a vector space. Thus, we can expand the product of two 
spherical functions as follows: 



where the a\ are constants. Let R = C[K/M] and let R\ denote the Vx-isotypic component 
of R. In |24j . Ruitenburg proved the following result. 



C[]f/I] = 0F A «(F;) 




Theorem (Ruitenburg [2H Theorem 3.1]). For fixed X,fj,,uE 2X*(A) 



+ 



Rv Q R\ • ^ */ only if a v Xtl ^ 0. 
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To prove this result, Ruitenburg was using the compact real form described above. We 
will later use Ruitenburg' result to prove our main theorem from the introduction. 

Remark. If \\ £ C[K] denotes the character of the representation p\ : K — » GL(V\), then 
up to scaling, ip\ is the projection of xa onto the space of M-invariants (with respect to the 
left action of M on C[K]). This follows from 9, Theorem 4.2, Ch. IV]. 

5.4. The negative of the Killing form induces a positive definite inner product on or; let 
s a £ CL(or) denote the reflection in the hyperplane a = in or. The Weyl group of the 
pair (K, M), the "little Weyl group", is W = N M {A)/Z M (A) ~ N Mm (A R )/Z MM (An). (Here, 
if G Z> H are groups, Nq(H) and Zg{H) denote the normalizer and centralizer of H in G, 
respectively). The group W acts on cir and can be identified with its image in GL(cir), 
which is generated by the reflections s a . (See (23 and [HJ Ch. VII] for proofs of these facts.) 

The natural map A/ (A n M) —* K/M induces a map of coordinate rings C[K/M] — > 
C[A/(A n M)]. The induced map C[K/M] M -> C[A/(A n M)] w is an isomorphism. This 
is a reformulation of a theorem of Richardson Richardsonl982. Indeed, let P be the subset 
of K consisting of elements of the form /cr(fc) -1 . There is a commutative diagram 

A/ {A n M) -► K/M 

i i 
A -» P 

Here the horizontal maps are the inclusions. The vertical maps are isomorphisms; the 
left vertical map takes a(A n M) to a 2 , and the right vertical map takes kM to kr(k)^ 1 . 
Note that M acts by left translation on K/M and by conjugation on P, and the right 
vertical map is M-equivariant. Richardson's result states that the induced map C[P] M —> 
C[A] W is an isomorphism, from which the version stated above follows. Composing the 
isomorphisms C[K/M] M -» C[A/(A n M)] w and C[A/(A n M)] w C[A] W yields an 
isomorphism C[K/M] M C[A] W . For A € 2X*(A) + , let Q A denote the image of the 
spherical function ip\. Finally, we define the function P\ in C[^4] w by P\(a) = Q\(a~ l ) for 
a 6 A. Thus, by definition, we have 

P x (a 2 ) = tpxia- 1 ). 

Note that in light of the remark at the end of the previous subsection, P\ = Q\* (up to 
scaling), where A* G 2X*(A) + is such that V\* ~ (V\)*. Since the spherical functions tp\ 
form a basis for C[K/M] M , the preceding discussion implies that the functions P\ form a 
basis for C[A] H/ . Furthermore, the structure constants for the multiplication of the functions 
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Pa and the spherical functions ip x are the same, i.e., P X P^ = ^2a^^P v , where the are 
the same constants as at the end of the previous subsection. 

5.5. In the cases most of interest in this paper, the functions P\ will turn out to be spe- 
cializations of Jack polynomials. Before we show this in the next subsection, we give an 
alternative characterization of the functions P\. For A G 2X*(A) + , define m x G CL4] by 
m\ = (1/|Wa|) Ylw&w eWX ^ 2 i where \W\\ is the order of the stabilizer of A in W. Define a 
function 5 on the compact torus by 5(a) := riaes+ 1^ ~~ e a (a)\ mult ( a \ where mult (a) is 
the multiplicity of the restricted root a. Finally, define an inner product on C[A] by the 
rule 

(f,g)A= f(a)g(a)5(a)da. 
■>A S 

The following result is known, but because a complete proof seems hard to find in the 
literature, we provide the argument. As a side remark, it is perhaps interesting to note that 
most of the ideas in the proof appear already in a paper of Harish-Chandra from 1958. 

Proposition. The functions P\ satisfy the following properties: 

(a) There exist constants c Xfl such that 

P\= ^ c V m M with C AA + 0. 
At/2 < A/2 

(b) For all A ± fi, 

(P x ,P fl ) A = 0. 

Proof. We prove the equivalent of the proposition for the functions Q x . For A G 2X*(A) + , 
define n x G C[A] W by n x = (1/| W x \) E w eW e ~ wX/2 - The fact that = E^x^ with 
caa 7^ is proved in p. 274]. Harish-Chandra p. 275] also gives a Freudenthal- 
type recursion formula for ip x which implies that Q x = ^ c^n^, where the sum is over 
(j, G 2X*(A) + such that /i/2 G X*(A) and fi/2 < A/2. (It is easy to see that the sum is 
over /x < A, but the ordering is defined using integral linear combinations of positive roots, 
so the fact that we can divide this inequality by 2 does not seem obvious without using 
Harish-Chandra's formula. Arguments analogous to those in Humphreys Lemma B, 
§13.3] show that the leading term of Harish-Chandra's formula is non-zero, so the formula 
determines (p x up to scaling.) This implies (a). As for (b), we have already observed that 
the Q x form a basis of C[A] H/ . If A ^ fx, then 

/ Lp x (k)ip^(k) dk = 0, 
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by the usual orthogonality relation for matrix coefficients of different representations. The 
function tp\Tp^ is bi- invariant under the group Mr, so using the integration formula of 
Theorem 5.10 of [SJ Ch. I §5], we see that the above integral is a non-zero constant times 



Via the isomorphism Am./ (Ar PI Mr) — > Ar which takes a(A^ n Mr) to a 2 , this leads to the 



Henceforth, we will normalize the ip\ so that the coefficient c\\ equals 1. 

5.6. Much of the following discussion generalizes to arbitrary root systems. But for the 
application to our main results, we only need the case where the root system E is of type 
-Af— l, so from now on, to simplify the exposition, we will assume this. The torus A is 
isomorphic to a maximal torus Tgi r _ 1 via an isomorphism respecting the roots and the 
character lattices. The reason is that our assumption that K is simply connected implies 
that the integrality conditions characterizing the character lattice X*(A) are the same as 
the integrality conditions characterizing the character lattice X*(Tsl t - 1 ) (see jSJ Ch. VII 
§8]). Therefore, we can write the positive roots as — e~, 1 < i < j < r, where e« are 
elements of X*(A) such that YH=i £ i = 0- Let ji := 2ej. Then the positive roots are 
~ 7j)i 1 < i < i < r, as in 13.31 The coordinate ring C[A] can be identified with 
the ring Cfa^ 1 , ... , s^/dl x i ~~ 1) m suc h a way that e £i = e 7i//2 corresponds to Xj. In 
particular, we have a projection homomorphism ir : C[xi, . . . ,x r ] — > C[A]. If we let the 
symmetric group S r act on C[xi, . . . , x r ] as usual, then ir induces a homomorphism of rings 
of invariants tt : C[xi, . . . , x r ] Sr — > CfA]^ 7 . 

Let A = {(Ai,...,A r ) € U \ \ x > A 2 > ••• > A r > 0}. If A G A, then ELi-VTi is 
an element of 2X*(A) + ; thus we have a natural map A — > 2X*(A) + , which is surjective. 
By abuse of notation, if A € A, we will denote its image in 2X*(A) + also by A. With 
this convention, the image of the monomial under the mapping tt is the 

element e A//2 . It follows that for A G A, the function m\ G C[A] that was defined in !5.5l fiust 
before the proposition) is the image of the monomial symmetric function corresponding to 
the partition A. 

Corresponding to any partition A G A there is an element G C(a)[xi, ... ,x r ], called 
a Jack polynomial (or Jack symmetric function). Here a is a parameter, not to be confused 
with a root (unfortunately it is customary to denote this parameter by a). These polyno- 
mials are defined in [221 Section 10]; here we recall the formulation of ^B]- If a is such 
that 1/a is a non-negative integer, then A 1//q (x) := n^(l — Xi/xj) l l a is an element of the 




desired orthogonality. 



□ 



18 WILLIAM GRAHAM AND MARKUS HUNZIKER 

Laurent polynomial ring Cfxf 1 , . . . , xf 1 ]. Define an inner product on C[xi, ... ,x r ] by the 
rule 

{f,9) a = [f(x)g(x- 1 )A 1 ^(x)] 

where the subscript denotes taking the constant term of a Laurent polynomial. This inner 
product can be defined in an alternative way using integration; the alternative definition 
makes sense for all nonnegative real a; see |22) . Then the Jack polynomials are characterized 
by the fact that the coefficient in P^ of the monomial symmetric function corresponding 
to A is 1, and by the fact that if A ^ fi, then 

for all A, fi £ A and a with 1/a E N (see [IB])- The functions P^' are the Schur functions 
s\. A version of the following proposition appears in |24| . 

Proposition. Let A G A and identify A with its image in 2A"*(^4) + . Then under the map 
it : C[xi, . . . ,x r ] Sr — > C[A] W , the Jack polynomial p^ m ' > is mapped to the function P\. 

Proof. Let / and g be homogeneous polynomials in C[xi, . . . , x r \. If / and g have the same 
degree, then (f,g) 2 / m = (?■"(/), tt(5))a; if / and g have different degrees, then (f,g) 2 / m = 
0. It follows that the images of the Jack polynomials P, satisfy the properties of 
Proposition 15.51 Since these properties characterize the P\, the result follows. □ 

5.7. One can expand the product of Jack polynomials as a sum of Jack polynomials 

^ a) ^ Q) = E/A,(«)^ a) , 

where the are rational functions of a. If a = 1, then the fxu( a ) = c a^ are Littlewood- 

Richardson coefficients for the group GL r (C); if a = 2/m, then the f\^(ce) = are the 
structure coefficients for the multiplication of the spherical functions. Stanley conjectured 
that the /^(ct) have a certain positivity property, which we can formulate as follows. 
(Stanley's formulation used another inner product, which we do not want to define here, but 
the equivalence of the formulations follows from [221 Ch. VI, Section 10].) For a partition A, 
let c\(a) and c' x (a) be the polynomials in a with non-negative integer coefficients as defined 
in [2^1 Ch. VI, Section 10, (10.21)]. It is known that c\(a)c IJ ,(a)c l u (a) f^(a) is a polynomial 
with integer coefficients. This follows from another conjecture of Stanley and Macdonald 
(see Ch. VI, Section 10, (10.26?) and (10.33)]), which was proved by Knop and Sahi in 
[TB] , and also (in part) by Lapointe and Vinet [T5| . 
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Conjecture (Stanley [23 Conjecture 8.3]). For fixed partitions A, /x, v G A, the "polynomial 
c \( a ) c /j,( a ) c 'v( a ) f\n( a ) has non-negative integer coefficients. 

We will only need the following consequence of Stanley's conjecture. 

Corollary. Assume that Stanley's conjecture holds. Then for fixed partitions X,fj,,u 6 A 
the following are equivalent: 

(i) fxui ) * s non-zero for all positive real values of a. 

(ii) The Littlewood-Richardson coefficient c\ is non-zero. 

(iii) 0% is non-zero. 

Proof. Clearly, (i) implies (ii) and (iii). Conversely, suppose (ii) holds. We have = 
c\ . If this is non-zero, then some coefficient of the polynomial c\ (a)c^{a)c' v {a) f^ (a) must 
be non-zero. Stanley's conjecture implies that this polynomial is non-zero for all positive 
real values of a, proving (i). The proof that (iii) implies (i) is similar. □ 

5.8. We now return to the notation of Section |31 By Proposition 14.21 Conjecture B is true 
iff it is true for pairs of tube type, so we assume the pair (g, 6) is of tube type. Recall that 
A denotes the set of partitions of length at most r, identified with a subset of K by sending 
A to V\, the irreducible if -representation of lowest weight — Yl^ili- We can decompose 
S = C[p + ] into if -isotypic components: 

S — S\ , 
AeA 

where S\ is isomorphic to V\. Note that in this case if is not semisimple; it has a one- 
dimensional center. However, we can replace if by if', the simply connected cover of 
the derived group [if, if], and M by the fixed point set M' C if' of the corresponding 
involution. We have surjective group homomorphism if' x C x — > K and hence we may 
view representations of K as representations of K' x C x . Thus, we can view the above 
decomposition as a K ' x C x -module decomposition of S. 

Since M has finite intersection with the center of K, the Lie algebras of M and M' 
coincide. Decomposing into eigenspaces of the involution r gives t' = m © s' and t = m © s, 
and s = s' © 3 where 3 is the center of 6. In fact, we have t' R = rriR ffi s' R , and we can 
take our maximal abelian subspace of to be 0^ := fj^ fls^. We obtain a corresponding 
algebraic torus A' of K' . By Moore's result j2J the restricted roots of (£', m) are of the form 
|(7i — jj). The integrality conditions of [HI Ch. VII §8] imply that Ej := G X*(A'). 
Therefore, the analysis of Sections 15.6115.71 applies to C[K' /M']. 
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Theorem. Suppose that Stanley's conjecture is true. Then for A,[a,u£ A, 



if and only if the Littlewood- Richardson coefficient c$[ is non-zero. 

Proof. By Proposition 14.21 we may assume (g,t) is of tube type. In this case, recall from 
13.31 that we have an inclusion 



where R = C[K/M] is a multiplicity free iT-representation. Replacing R by R' = C[K'/M'x 
C x ] = C[K'/M'] ® C[t, t ], we can view S as a subring of R'; in particular, if A 6 A, then 
S\ = R{. As above, for each A 6 K we have an M- invariant element ip\ of i?^. If A and fi 
are in A, then, since S is a subring of R', we have 



By Ruitenburg's result, we have S u Q S\- if and only if / 0. By our discussion in the 
previous subsection, = fV(2/m) . Therefore, assuming Stanley's conjecture, a\ ^ 



6. Multiplicities and Littlewood-Richardson coefficients 

6.1. Let (g, 6) be an irreducible Hermitian symmetric pair of rank r and let {71, . . . , j r } be 
the set of strongly orthogonal roots in p + as defined in Section EJ Let A = {(Ai, . . . , A r ) € 
Z r |Ai > ... > A r > 0}. In this section, if A € A let A denote the A+-dominant integral 
weight given by A = A 171 + • • • + A r 7 r . Then define 

V\ = irreducible t-module with lowest weight —A 

(r) 

= irreducible gl r -module with lowest weight —A 
For A, v G A, let [V\ <8) V^, V u \ denote the multiplicity of V u in V\ <g> V^. 

Proposition. Let (0,6) be an irreducible Hermitian symmetric pair of classical type of rank 
r and let\,fi,u 6 A such that \v\ = |A| + \fi\. Then 




if and only if c\ ^ 0. The theorem follows. 



□ 



[V x <8> V„ V u ] if and only if c v XfX + 0. 



As an immediate consequence we obtain: 



Corollary. Let (g,t) be an irreducible Hermitian symmetric pair of classical type of rank 
r. Then Conjecture A is true for (g,t) if and only if Conjecture B is true for (g,6). 
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6.2. Before we prove Proposition lfi.ll we recall some known facts about Littlewood-Richardson 
coefficients that are needed in the proof. We first need a little bit more notation about par- 
titions. We use the same notation as in Macdonald's book [22]. A partition is a sequence 
A = (Ax, A2, • • • , A r , . . .) of non- negative integers such that Ai > A2 > • • • > A r > ■ ■ ■ and 
Aj = for i > 1. The integer £(X) = min{i|Aj 7^ 0} is the length of A and |A| = ^ Aj is the 
size of A. The partition conjugate to A is the partition A' given by (A')j = #{Aj | Xj > i}. 
Let A, fi, v be partitions of length at most r. By the Littlewood-Richardson rule it follows 
that for any n > r, 

[if } a Fj?\ fF>] = [if Ff\ fP] = cV 

Another interpretation of Littlewood-Richardson coefficients is in terms of Schur functions. 
For partition A and fx, we have s\s^ = c v x ^s u . A simple, but very useful necessary 
condition for 7^ is that |A| + |/x| = \v\. We will also need that = ,. This follows 
since there is an involution uj on the ring of symmetric functions such that u)(s\) = sy. 
Finally, we will need that 

c A/i 7^ ^ and only if c 2A,2/x 

This is a special case of Klyachko's saturation conjecture [Tl|, which is now a theorem of 
Knutson and Tao ^7] and also of Derksen and Weyman [3] . 

6.3. Proof of Provosition \b.l\ We will prove the proposition case by case. 

Case gnj = su(p, q). It is slightly more convenient to work with g^ = u(p,q) instead of 
su(p,q). In this case, = (gi n ,Q^p x gl g ) and r = p. Here we assume that p < q. 

From Tabled if A = (Ai, . . . , X p ) then A = (Ai, . . . , X p , 0, . . . , 0, —X p , . . . , — Ai). Hence V\ ~ 
if M (if)* and it follows that [V\ <g> V M , V v ) = (c^) 2 . The equivalence is now obvious. 

Case 0k = sp(n,M). In this case, (g,t) = (sp2n,0(n) and r = n. From Table [21 if 
A = (Ai,...,A n ) then A = (2Ai, . . . , 2A n ) = 2A. Hence V\ ~ F 2 y and it follows that 
[V\ V^, V u ] = c^x 2u- The equivalence is now an immediate consequence of the saturation 
conjecture. 

Case 5k = so*(2n). In this case, (g,t) = (s02n,flD and r = [n/2\. From Table |2J if 
A = (Ai, . . . , X r ) then A = (Ai, Ai, A2, A2, . . .) = (2A')'. Hence V\ ~ i^^yy and it follows that 
[Va®V^, Vu] = c^yy ( 2 ^')' = C 2A' 2/V ^he equivalence is now a consequence of the saturation 
conjecture and the fact that c-w , = di . 
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Case 0k = so(n, 2). In this case, (g, 6) = (so n +2, so n © C) and r = 2. We may assume that 
n > 4 since so(3, 2) ~ sp(2, R). Let {e±, . . . , £\ n /2\ } be the canonical basis for the standard 
Cartan subalgebra of so n . Extend this basis to the standard basis (with non-standard 
labeling) {eo, e±, . . . , £| n /2j } °f S0 n+2- With this convention, 71 = £o + £1 an d 72 = £0 — £i- 
So, if A = (Ai, A2) then A = (Ai + \2)so + (Ai — Thus, as a 6 = so n C-module, 

V\ ~ ^(a]-A 2 )ei ^ ^-^1-^2) where E^_ x ^ e ^ is the irreducible so n -module with lowest 
weight — (Ai — A2)ei- In the following we will show that [V\ (8> V^, V v ] = . 

Lemma. Suppose that n > 4. If a and b are non-negative integers then 

b b-k 

1.. 

(a+b-2k-l)ei+le2 
k=0 1=0 

Proof of the lemma. The assumption n > 4 makes sure that we are in the "stable range". 
We can then use the branching rule jlUl Theorem 2.1.2] to decompose the tensor product 

(n) (n) 

Ea £ [ (g> . The lemma then follows by the usual Pieri rule for Littlewood- Richardson 
coefficients. □ 



We now return to the proof of Proposition 16. 11 Let A, fj,, v 6 A such that |A| + \fj,\ = \v\. We 

(2) (2) (2) (2) 

note that F x ~ ^{\[-\ 2 0) ® ^(A 2 A 2 ) anc ^ (A 2 A 2 ) * s one "dimensional, which implies that we 

can calculate by using the Pieri rule. If we put a = \\ — A2, b = — Hi and c = v\ — vi 
then 



C Ai 



1 if c = a + b — 2k for some non-negative integer k 
otherwise 

By the lemma above, [E^\^E^, E^}] = and hence [V\<8> V^, V v ] = . This completes 
the proof of Proposition 16.11 □ 

6.4. We conjecture that Proposition 16. II also holds in the two exceptional cases. 

Case 0k = E III. In this case, = (e6,50ro © C) and r = 2. Let ui, . . . ,0^ be the 

fundamental weights of z§ (Bourbaki ordering). By Table 2, 71 = 0J2, 72 = w\ — ^2 + ^6- 
Thus if A = (Ai, A2) then A = X2LO1 + (Ai — A2)cl>2 + ^2^6- Let tui, . . . , -075 be the fundamental 
weights of SO10 (Bourbaki ordering). If A = (Ai, A2) € A then as a 5 = soio © C-module, 
V\ - ^(A 1 -A 2 ) roi +A 2ro5 ^C_ Al _ A2 , where -E( Al _ A2 ) roi +A 2ro5 denotes the irreducible soi - 
module of lowest weight — (Ai — A2)tci — A2TO5. We conjecture that if A, yu, u € A with 
|A| + \n\ = then [V x ® K M , K] = c^. 
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Case 5k = EVIL In this case, (fl,t) = (t7,ZQ © C) and r = 3. Let u>i, ...,ojy be the 
fundamental weights of ti (Bourbaki ordering). By Table 2, 71 = u\, 72 = — o>i + u;6 and 
73 = -w 6 +2a;7. If A = (Ai, A 2 , A 3 ) then A = (Ai-A2)wi + (A 2 -A 3 )c<j 6 +2A3u;7. Let w\, ... ,wq 
be the fundamental weights of t§ (Bourbaki ordering). If A = (Ai,A2,A3) £ A then as a 
t = e 6 ©C-module, V\ ~ I^ (Al _ A2)roi+(A2 _ A3)ro6 SC_ Al -A 2 -A 3 , where IV (Al _ A2)roi+(A2 _ A3)ro6 
denotes the irreducible Cg-module with lowest weight — (Ai — A 2 )wi — (A 2 — \%)voq. We 
conjecture that if A,//, f £ A with |A| + |//| = then 

[Vx®V^} = C ^ {C \ + l \ 

We arrived at this conjecture by computing examples using the computer algebra package 
LiE 0. 



K 


X = p+ 




GL P (C) x GL q (C) 


C (C 9 )* 




GL n (C) 


S 2 (C") 


c 2A,2/j 


GL n (C) 


A 2 (C") 


(2^')' 2i/ 
C (2A')',(2//)' ~~ C 2A,2ft 


SO n (C) x C x 


c n 


c A/t 


Spin l0 {C) x C x 


C 16 (spin) 


c A/i (?) 


E 6 (C) x C x 


C 27 (min) 





Table 4. Multiplicities [Vx (g> V^, V^] in terms of Littlewood-Richardson coefficients 
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